We study a massive real scalar field that breaks translation symmetry dynamically. Higher-gradient terms favour modulated configurations and neither finite density nor temperature are needed. In the broken phase, the energy density depends on the spatial position and the linear fluctuations show phononic dispersion. We then study a related massless scalar model where the modulated vacua break also the field shift symmetry and give rise to an additional Nambu-Goldstone mode, the shifton. We discuss the independence of the shifton and the phonon and draw an analogy to rotons in superfluids. Proceeding from first-principles, we re-obtain and generalise some standard results for one-dimensional lattices. Eventually, we prove stability against geometric deformations extending existing analyses for elastic media to the higher-derivatives cases. * daniele.musso@usc.es † daniel.naegels@ulb.ac.be 1 arXiv:1907.04069v1 [hep-th]
Motivation and main results
For about one hundred years now [1] , translation symmetry breaking has been extensively studied, though its dynamical origin is often left aside and neglected. In typical condensed matter circumstances, there is a large hierarchy in energy between the physics of a crystal formation/melting and its low-energy excitations. These latter determine the thermodynamic and linear response properties, which can be usually described by low-energy effective theories without considering the dynamical origin of the lattice. Nevertheless, the physics of spatially-modulated order parameters, as well as some conceptual questions concerning translation symmetry breaking, require a dynamical and first-principle treatment.
The present paper aims at shedding light on some aspects of spontaneously broken translations relying on a simple field theory model. We show that a real scalar field is enough to provide a setup where relevant questions can be directly addressed. The main results are the following.
1. We prove by means of explicit examples that translations can be broken dynamically in field theory without the need of a finite density, a chemical potential or finite temperature.
2. We consider models which enjoys a shift symmetry and cases where this is broken by a mass term and show that the spontaneous breaking of translations can be attained in both cases. Thereby, we show that shift symmetry is not a necessary ingredient to the purpose of describing phononic modes. More generically, we get spontaneous and inhomogeneous vacua where the energy density is spatially modulated and no auxiliary global symmetry is invoked.
3. In the shift-symmetric real scalar models that we analyse, the shift symmetry is spontaneously broken concomitantly with spatial translations. We argue that at low-energy the Nambu-Goldstone modes associated to the two symmetries, e.g. the shifton and the phonon, are well separated in momentum space and can therefore be regarded as effectively independent modes, in analogy to what happens for (superfluid) phonons and rotons in superfluid helium [2] [3] [4] [5] .
Context and method
Recent effort in holographic models applied to condensed matter has focused on translation symmetry breaking [6] [7] [8] [9] [10] [11] [12] [13] . The possibility of striped phases [14, 15] triggered the quest for treatable modulated solutions, which often relies on the presence of an auxiliary global bulk symmetry [16] [17] [18] . In these cases, the spatial points of the broken phase are all equivalent modulo a global transformation and the translation breaking is homogeneous [19] , namely, the conserved densities do not depend on the spatial coordinates. Homogeneity entails valuable technical simplifications but it opens conceptual puzzles too. Homogeneous models have a trivial 1-point Ward-Takahashi identity for translations also when these are explicitly broken [20] . To the purpose of realising and studying cases where translations are broken inhomogeneously, we search for the simplest field theoretical model: we consider a real scalar field theory (introduced in Section 2) where the higher-gradient terms lead to a "gradient Mexican hat" that energetically favours spatially modulated solutions [19] . By means of a simple cosinusoidal ansatz (3), we have analytical control on the harmonic modulated vacuum solutions without requiring fine-tuning of the Lagrangian (1) (Subsection 4.2). The implementation of a gradient Mexican hat in the Lagrangian defines an enriched effective theory where translations are broken dynamically. The non-trivial vacuum is explicitly obtained instead of being just assumed a priori ; similarly, the low-energy physics and the Nambu-Goldstone modes emerge from a dynamical study without extra ad hoc hypotheses. This allows one to realise the low-energy theorems on symmetry-breaking by construction and to address the counting of Nambu-Goldstone modes in a direct fashion (Subsection 4.3).
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In standard effective approaches, the role of shift symmetry is particularly important. First, standard effective field theories for solid, elastic media [27] and membranes rely on fields taking value in a physical target space; translations symmetry in the target space corresponds to shift symmetry of the effective fields. There, the spontaneous breaking of translations is actually a diagonal locking of translations and shifts leading to a single Nambu-Goldstone mode. Second, shift symmetry allows one to study spacetime symmetry breaking systematically through coset constructions [32, 33] . 2 In the enriched effective approach we consider below, instead, shift symmetry is not necessarily present and hence it is not crucially related to the breaking of translations. In fact, the shift symmetry we consider below is independent of translations and, when spontaneously broken, it leads to an additional Nambu-Goldstone mode which we call shifton.
The field φ in the Lagrangian (1) does not represent the low-energy degrees of freedom emerging from the symmetry breaking and thus φ is not directly identified with a NambuGoldstone. More precisely, the Nambu-Goldstone bosons are described by fluctuations of the field φ (as usual), however such fluctuations are considered around a non-trivial vacuum arising from a dynamical and spontaneous breaking. As a result, the Lagrangian (1) may (and will) contain terms where the scalar field appears without any derivative (as opposed to standard effective theory constructions [34] ).
The present study belongs to a recently revived line of research about the treatment of translation symmetry breaking if field theory [35] , mainly in non-relativistic setups.
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In turns, translations are an aspect of a wider program concerning spontaneous and pseudo-spontaneous symmetry breaking pursued in strongly coupled theories modelled holographically [39] [40] [41] [42] [43] [44] .
2 A real scalar model in (1 + 1) dimensions
We consider a canonical kinetic term, in particular avoiding higher time derivatives and Ostrogradsky instabilities [45, 46] . We impose both spatial parity, ∂ x ↔ −∂ x , and fieldspace parity, φ ↔ −φ. In an effective field theory spirit, we consider only terms up to the 4th order in φ and up to the 8th order in the spatial derivatives. Specifically, we take the
where the dot indicates a time derivative while the prime denotes a derivative along the only spatial direction x. We have considered a mass term so to break the rigid shifts φ → φ + c in the simplest possible way. The equation of motion descending from (1) is
We consider the static and harmonic ansatz
characterised by a constant modulus ρ and a constant wave-vector k. Plugging the ansatz (3) into the equation of motion (2), we get
which is satisfied for
Solving (5) and (6) in terms of ρ and k, we obtain
We avoid a discussion of the radicands in (7) and (8) because in what follows we use (5) and (6) in the opposite direction, and pick the theory with couplings A and B such that some chosen values of ρ and k provide a solution (we will in general take ρ = k = 1). Using the formulae of Appendix A, we compute the diagonal components of the stressenergy tensor for a solution (3),
and
The model is invariant under translations, which translates into the Ward-Takahashi identity
Given the static character of the solution (3), in order to satisfy the 1-point WardTakahashi (11), the pressure T xx needs to be x-independent. Nonetheless, the energy density T tt is spatially modulated. This constitutes an important generalisation with respect to "Q-lattice" models where the energy density is spatially constant [19] .
Stability under geometric deformations
We generalise the analysis of static geometric deformations proposed in [47, 48] to models with higher derivatives, this provides a check 5 of the stability of solution (3). We consider an infinitesimal geometric transformation parametrised by ξ(x)
the bar will henceforth indicate transformed quantities in the sense of (12) . Since φ(x) is a scalar, it transforms asφ(x) = φ(x). The energy of the deformed system is given by
and can be expanded in powers of ξ (and its derivatives),
The linear term E 1 [φ] vanishes on-shell in the static limit. By means of integrations by parts 7 , the quadratic term E 2 = dx E 2 can be written in the "diagonal" form
5 Notice that this check is necessary but not sufficient, stability is later confirmed relying on the analysis of the generic, time-dependent linear fluctuations. The stability checks [47, 48] are a generalisation of Derrick's theorem [49] . 6 One can equivalently express it with respect to the deformed coordinates (12) ,
7 We consider geometric deformations such that ξ(x) has a compact support.
The coefficients in (54) are given by
In order for the system to be stable against generic geometric deformations (12), we must require
to hold locally (see Figure 1 for an explicit example).
Fluctuations
An infinitesimal spatial translation of the solution (3) is encoded in the following field variation
in fact
Translations connect degenerate solutions and (21) is an infinitesimal motion along the associated zero mode given by φ (x). Let us take a brief but useful digression. One could define the fluctuations
promoting the parameter ξ in (21) to be a normalisable function of spacetime; the fluctuation field ξ(t, x) would represent a modulation of the zero mode φ (x). 9 It is important to 8 An operatorial rephrasing of (21) is given by
where π(x) is the variable conjugated to φ(x)
9 This way of thinking is connected to more standard cases. For instance, a flat D-brane breaks perpendicular translations spontaneously. The corresponding zero mode is just an orthogonal rigid shift of the entire D-brane. The Nambu-Goldstone mode can be thought of as a normalisable modulation of such rigid shift [21] . In our case, a rigid mode should be seen as a fluctuation of the form (21) where ξ is constant. Note also that formula (25) is analogous to the fluctuation parametrisation considered in [19] for a modulated complex scalar field background e ikx ,
Despite the formal similarity, this is not a Bloch wave, as the function ϕ(t, x) does not in general have the spatial periodicity of the background.
note that the translation zero-mode (21) is characterised by the same wavevector k of the background solution. Thus, we expect a massless mode at momentum k in Fourier space. This observation will prove useful below. It is natural to compare the configuration (3) to a discrete chain of wavevector k, namely "sampling" the modulated continuous profile (3) at points separated by 2π k
. The deformation (21) corresponds to an equal shift for all the sampling points and the discrete chain cannot distinguish between (21) or a spatially constant deformation, the latter leading to massless phonons in a one-dimensional discrete lattice.
To keep the calculations easier, instead of adopting (25) we define the fluctuations
The Lagrangian at linear order in the fluctuations is a total derivative, L 1 = B , where
The quadratic Lagrangian density is
The coefficients of the quadratic Lagrangian (29) are space-dependent. We can go to Fourier space but the various harmonic component of the fluctuation field are thereby mixed,L
The mixing occurs only among modes with fluctuation momenta that differs by 2k. In order to express the quadratic Fourier Lagrangian (30) in a matrix form, we define the coefficient functions
which satisfy the following symmetry properties
To avoid clutter, we henceforth simplify the notation a(k, ω, q) → a(q) understanding the explicit dependence on k and on ω. The infinite dimensional matrix associated to the quadratic form (30) is
Note that the property (35) implies M † = M .
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In order to deal with the infinite dimensional matrix (36), we actually consider (2N + 1)×(2N +1) finite submatrices denoted as M [N ] whose diagonal entries go from a 0 (q−2N k) to a 0 (q + 2N k). 11 The possibility of taking finite-N truncations of the matrix M is later validated by the fact that the relevant results convergence quickly with respect to N , becoming therefore soon insensitive to the truncation itself.
According to the observations made below Equation (25), we expect a massless mode about q = k, we then define q = k + p where p is small.
where
From the determinant of the submatrix M b we get the masses of two modes
namely 0 and m 1 . The massless mode can be interpreted as an (acoustic) phonon representing the Nambu-Goldstone mode of spontaneously broken translations. The gapped mode corresponds instead to an optical branch (its interpretation is commented in Subsection 4.4). Recalling (39) , the determinant of M [N ] can be written as
where the coefficients A, D and E do not depend on N , while the other coefficients do.
The squared propagation velocity of the acoustic phonon is given by (18) and (17) . Right: Model (49) in the specific case (59) and (60); the functions e 11 , e 22 and e 33 are given in (55) . All the plotted functions are positive across the entire unit cell, x ∈ {0, 2π k } with k = 1, so the specific cases considered pass the stability test.
and can be computed in terms of
where c
is defined to be the coefficient of the term O(ω n , p m ) of the determinant (40) of M [N ] . 13 Recall that in order to obtain the true phonon speed we would need to take the N → ∞ limit of (42) . We show below that there exist cases where (42) converges quickly (increasing the truncation level N ) to a stable value.
Explicit example
Depending on the specific values of the coefficients in the Lagrangian (1), one can find either stable or unstable modulated solutions. We consider a specific stable case, which is representative of a stability region within the coupling space, namely we take
We fix the coefficients A and B in the Lagrangian (1) according to (5) and (6) and requiring that the model admits a solution (3) with
13 One can compute also the q 2 term in the phonon dispersion relation. From (40) we have (44) and (45)). Left: lower bouncing branch corresponding to acoustic phonons; the dashed line indicates the phonon propagation speed for q ∼ k = 1. Right: The blue line is again the same acoustic phonon branch of the left panel, the black lines are instead the optical branches; these latter have polynomial concave shape (see Figure 3 , right panel) and there is a branch for any 2k multiple.
These specific choices pass the stability check (20) , see Figure 1 .
According to the formula (42), we compute the phonon propagation speed c [N ] for the first truncation levels N = 1, 2, 3, 4, ... and see that it converges to a finite value in an extremely rapid fashion, One should not worry about c [N ] > 1, in fact the model is non-relativistic from the start and the coefficient in front of theφ 2 in the Lagrangian (1) has been set to its canonical value without any precise physical argument; these could come from the study of relativistic UV completions.
The study of the determinant of the matrix (36) in the specific case (44) and (45), and in particular the (numerical) identification of the loci where it vanishes, allows us to find the complete linear fluctuation spectrum and have a full characterisation of the dispersion relations. The whole mode structure features two kinds of dispersion relations: an acoustic "bouncing" lower branch and optical upper branches which are concave and repeated for any multiple of 2k, see Figure 2 .
The acoustic branch is analogous to the dispersion relation of the phonons of the classical one-dimensional chain (see Subsection 2.4); note that the acoustic phonon branch features vanishing frequency at q = k+2nk with n a relative integer (and not at q = 0). At q ∼ k the dispersion relation is linear and corresponds to the propagation speed already evaluated analytically in (46) . The gap of the first optical branch is given by (38) which, evaluated in the case (44) and (45), returns m 1 = 0.632... in agreement with the value found numerically. The right panel of Figure 2 shows the first Brillouin zone, which we define as q ∈ [0, 2k).
Comparing to the one-dimensional chain
The eigenfrequencies of the discrete chain of balls and springs are given by (see for instance [50] )
wherem is the mass of the balls and g is the second derivative of the potential between two neighbouring balls. The dispersion relation in (47) is taken from the chain with only one kind of atoms, while we said above that our continuous model corresponds intuitively to a chain whose unit cell possess an infinite number of internal degrees of freedom. Recall, however, that the lowest phononic branch of a chain with any number of different atoms in the unit cell can be thought of as the mode of a chain with only one kind of atom; in fact, the lowest mode corresponds to the unit cell moving rigidly without deforming.
To emphasise this analogy with the discrete mono-atomic chain, we compare the two ; the blue line is the phonon dispersion relation of Figure 2 ; the red line is the phonon dispersion relation obtained with k = ρ = m = 1 and C = − , D = −2, which approximates (47) to the .001 level. Right: Even polynomial fit of the first optical branch centred at q = 1. The discrepancy between the numerical points and the fit is less than 10 −10 in the whole figure range; the order of the fitting polynomial (red dashed) is 20; the lowest coefficients have been observed to stabilise since polynomial order 16. dispersion relations in Figure 3 . To push further the comparison to discrete chains, if we look to a chain with several types of atoms, the internal oscillations within a unit cell correspond to optical modes. This might give a physical picture of the reason why we have a tower of optical modes in our continuous model.
Comparing to a one-dimensional kink crystal
An exactly tractable model of a one-dimensional solid can be built from a lattice array of kinks of a scalar field obeying the sine Gordon equation [22] . The Hamiltonian density is
The static solutions obey the equation of motion of a pendulum, and the linear timedependent fluctuations can be expressed analytically in terms of elliptic functions [22] .
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Unlike in the comparison with the one-dimensional chain of Subsection (2.4), there is no obvious relation between the model (1) and the kink crystal (KC) of (48) . Nevertheless, it is interesting to underline some remarkable similarities of the resulting dispersion relations. Both (1) and the KC feature two kinds of bands. The lower band is in both cases of the bouncing type while the upper is concave, see the optical branch in Figure 3 . The two bands in the KC are separated by a gap controlled by the sine Gordon mass µ in (48) while in (1) there is no gap, see (1) (the present graph highlight the low-energy part of the dispersions lines already depicted in 2 ). There is no gap between the lower and the higher bands.
A shift-symmetric model
We modify (1) setting to zero the mass term and introducing a term with third derivatives,
15 Similar configurations have been recently shown to be relevant in QCD and referred to with the name Chiral Soliton Lattices [23, 24] . 16 The new higher-derivative term appeared to be necessary to obtain backgrounds which feature a propagating shifton mode and pass the stability checks. Further study is necessary to claim its necessity. A similar role of higher derivative terms emerged in [19] .
The field φ appears in the Lagrangian only through its derivatives, so constant field shifts are a symmetry of (49) . We consider again the ansatz (3), thus obtaining the following equation of motion
which is solved by
Stability under geometric deformations
To check the stability of solution (3) in model (49) with respect to static geometric deformations (12), we need to extend the analysis of Subsection 2.1 to comprehend one order higher in derivatives,
the stability check remains nevertheless analogous. Up to boundary terms 17 , one can "diagonalise" the quadratic variation E 2 of (53)
Again, the stability check is passed when the diagonal coefficients are locally positive throughout the entire unit cell. See Figure 1 for an explicit example.
Fluctuations
The ansatz (3), when considered as a solution for model (49) , breaks both translations and shift symmetry. We thus expect to have a massless mode both around q = 0 (the shifton) and around q = k (the phonon). 18 Since the matrix (36) associated to the quadratic Lagrangian connects only wavevectors which differ by even multiples of k, the modes 17 We are understanding some IR regularisation provided either by periodic boundary conditions (after a large number of unit cells) or a slow exponential damping.
18 This is point is further commented in Subsection 4.3. (59) and (60) about q = 0 and those about q = k can be studied separately and the shifton and phonon sectors "decouple". The study of the linear fluctuations is analogous to that of Subsection 2.2. In particular, the qualitative structure of the matrix M is the same. There are though some technical differences, for example there is no 2 × 2 independent block at p = 0 and both the new higher derivative term and m = 0 affect the explicit expressions of the entries of
Explicit example
We consider the specific case 19 .
and determine A and B using (51) and (52) upon requiring to have a solution for
In order to study the propagation speed of the shifton and phonon modes, we use the same strategy as described in Section 2.2 expanding the determinant of (36) around q = 0 and q = k, respectively. The result for both modes is a propagation speed converging very rapidly to a finite value; we show the values corresponding to N = 1, 2, 3, 4, 5, ... In Figure 6 we see that the acoustic phonon branch has developed shiftonic dips. The overall periodicity is still 2k, but we have light modes for any integer multiple of k. 4 Result, discussion and comments
Translation symmetry breaking
By providing an explicit counterexample, the analysis presented above allows us to drive some generically valid conclusion about translation symmetry breaking: neither a finite charge density nor shift symmetry are necessary to the purpose of breaking translations dynamically. More generically, model (1) breaks translations and does not possess any extra continuous symmetry.
This point is interesting because it contrasts some generic expectation arising from existing effective approaches. A generic class of effective field theories for fluids, membranes and elastic media adopts scalar fields that parametrise the coordinates of the target space. In such a schematisation, the shift symmetry of the scalars corresponds by construction to the translation symmetry of the ambient space and it is thereby unavoidable. In fact, in such effective models, the breaking of translations corresponds to the locking between the target space translations (i.e. the shift symmetry) and the translations on the manifold on which the scalars live. Similarly, Q-lattice constructions rely on the presence of a global symmetry under which the low-energy field transform; the product of translations times the global symmetry is broken to the diagonal subgroup.
The effective constructions that rely on a global symmetry of the low-energy fields identify the global symmetry and translations, this implies that the effective fields are directly the Nambu-Goldstone modes of the symmetry breaking. In the models of the present paper, instead, the field φ is not directly the Nambu-Goldstone and it does not parametrise the flat direction of degenerate vacua. Rather, the dynamics of φ is responsible for the symmetry breaking itself; its small fluctuations about the non-trivial vacua will then encode (in a non-trivial way) the Nambu-Goldstone content as well as other low-energy modes (e.g. the optical branches, see Subsection 4.4).
Absence of fine tuning
Equations (7) and (8) give the parameters of the ansatz (3) in terms of the coefficients in the Lagrangian (1). Apart from the requirement of positivity of the radicands, the couplings A, B, C, D and m are unconstrained and the model is not fine tuned. A similar argument holds for the shift-symmetric model (49) too.
Generic extensions of models (1) and (49) would in general require specific relations among the new couplings in the Lagrangian in order to admit harmonic solutions of the form (3). Nonetheless, relaxing the ansatz (3), one can undertake a wider exploration of models possessing spatially-modulated, anharmonic solutions which can prove to exist without requiring any fine-tuning. Likely, such exploration requires numerical approaches.
Translation and shift symmetry
Model (49) enjoys shift symmetry φ → φ + c with c constant. Shift symmetry is broken spontaneously by the ansatz (3), as it would be for any field configuration. The spontaneously broken shift symmetry corresponds to a zero mode ∆ α φ(x) that is just a constant given by
where P s denotes the generator of the shifts,
and π(x) is the canonical conjugated variable to φ(x) (as in (23)). Consider the generic infinitesimal and local variation of the field φ(x) under the combination of a shift and a translation (this latter generated by P x ), namely
where the fields ξ(t, x) and α(t, x) are normalisable and correspond to the phonon and the shifton in a coset construction. The phonon and the shifton are not independent because they can compensate each other; more precisely, δφ(x) = 0 has non-trivial solutions for ξ(t, x) and α(t, x)
where we have considered the explicit action of the generators on the field φ(x):
Condition (66) (sometimes called inverse Higgs constraint) shows that the parametrisation of the coset by independent phonon and shifton field is redundant [57] . Shifton and phonon are in this strict sense not physically independent modes. This is not in tension with our results obtained studying the model (49); in fact, the phonon and the shifton arise as a useful effective descriptions of different portions of the same dispersion relation, well separated in momentum space (assuming q k where q is the Fourier momentum of the linear fluctuations as in (30)). To help intuition, we find ourselves in an analogous situation to phonons and rotons in superfluid helium [5] , see Subsection 4.4 for further comments on this.
"Particle" content and first optical branch
The field theory models studied above feature a single real scalar field. The mode content is however rich, because different dispersion branches (or different portions thereof) admit an effective description in terms of different "particles". At the lowest energies, the lower bouncing branch has spectral weight in the vicinity of the multiples of 2k in model (1), corresponding to acoustic phononic modes. In the shift symmetric model (49) , the periodicity of the lowest branch is doubled, and at odd multiples of k we find spectral weight contributed by the shiftonic modes.
Raising the energy, and still focusing on the acoustic branch, the simple picture in terms of particles becomes less natural because the lowest branch presents points where the group velocity vanishes, this however occurs also in standard models for a classical lattice, like (47) . Relatedly, it is useful to compare the acoustic branch of the shift symmetric model (49) to the dispersion relation arising in superfluid helium (see for instance [5] ); there the dispersion relation features a maximum too. In superfluid helium, while on the left of the maximum there is a low-energy linear portion which corresponds to superfluid phonons, on the right there is a dip ending into a finite minimum. The portion of the dispersion relation close to the relative minimum is interpreted as giving rise to gapped particles called rotons [2, 3] . The rotons do not descend from symmetry principles and have the same quantum numbers of the phonons (in fact we are just speaking of two regions of the same dispersion relation).
A roton-like dip in the dispersion relation can represent the hint of a nearby modulated phase [24] . So, inverting the logic of the previous paragraph, the phonon we are studying can be thought as a gapless roton-like dip within a shiftonic dispersion curve. This argument confirms the idea that the phonon arises at a point where ω = 0 and q = 0, where the non-zero value of the wave vector is related to the vacuum periodicity.
The first optical branch can be expected a priori and its mass can be computed on the basis of the rigid deformations of the modulated vacuum. Equation (21) defines a rigid zero-mode corresponding to translations of the vacuum as a whole; such zero-mode complies with the periodicity of the vacuum and corresponds to choosing periodic Dirichlet boundary conditions. There is an alternative sector that complies with the periodicity of the background but entails Neumann boundary conditions; this corresponds to a rigid mode of the form ζ cos(kx), where ζ is an infinitesimal parameter. The second variation of the static energy with respect to ζ gives again the mass m 2 1 (already obtained in (38) in a different way) which characterises the gap of the first optical branch. Similarly to the acoustic branch, also the first optical mode can be interpreted as promoting the parameter ζ to be a normalisable deformation of the corresponding (gapped) rigid mode.
UV cut-off
The simple scalar field models considered in the present paper are able to get standard results of spatially periodic systems from a generalised first-principle derivation. The qualitative agreement with the one-dimensional chain and the presence of phonons upon breaking spatial translations are such examples. One important difference with respect to standard discretised models is precisely that the field theories studied here are not discretised. Even if the solutions feature a modulation characterised by a wavevector k, there is no UV cut-off associated to such a physical scale, at least at the classical level.
Another important difference is that the equation of motion for the fluctuations is not analogous to Schrödinger equations for lattice potentials, indeed it is not given by a second-order derivative term plus a periodic potential; rather we have a non-canonical, higher-order derivative term and a space-independent potential. As a consequence Bloch's (or Floquet's) theorem does not apply trivially to the present case (see for instance [53] ).
An important future direction consists in quantising the model. The evaluation of the actual validity range in energy of the enriched effective description we proposed and the possibility of turning on a finite temperature avoiding UV catastrophes are two main questions which remain open. As an intermediary step, it would also be necessary to study the interactions and thus to go beyond the linear approximation used in the present paper to characterise the spectrum (in the language of crystal dynamics this is related to anharmonicities).
Future perspectives
In addition to the perspectives mentioned earlier in this section, there are some further particularly interesting future directions.
The models of the present paper undertake the quest for the simplest field-theoretical framework in which it is possible to break translations. Such minimality allows for a wide applicability of the results. Said otherwise, there is no specific physical content nor prejudice in adopting a single real scalar field and, wherever such picture could be suitable, the considerations above do apply.
The gradient Mexican hat construction is clearly based on the presence of non-linearities in the field and in the spatial derivatives thereof. Non-linearities have been recently considered in the context of photonic lattices [54, 55] and have been proven to crucially lead to either uniform or modulated phase patterns depending on their defocusing/focusing character. Specifically, [54] shows that the sign of a particular non-linear term (the socalled Kerr term) in the Schrödinger equation for monochromatic light destabilises the uniform vacuum and favours chessboard phase configurations. There is thus an analogy with the Mexican hat constructions where the appropriate signs of the various terms in the Lagrangian make them compete; it is in fact the optimal compromise of such competition which defines the non-trivial vacuum. It would be interesting to make the parallel in a more precise way, and explore the possibility of implementing Mexican hat gradient terms in actual experiments.
All the models studied in the present paper are in (1 + 1)-dimensions, nonetheless they allow for higher dimensional generalisations. Apart from exploring the working of higher dimensional gradient Mexican hats and the stability of the corresponding vacua, the increase of the dimensionality of the system has an obvious interest in order to circumvent the no-go theorems for symmetry breaking in low-dimensionality [59] [60] [61] . It is possible that the present models serve as an effective description for some holographic systems, in this case the destabilising fluctuations which in low-dimensions prevent the ordering are suppressed by large-N effects [62] [63] [64] [65] .
The model specified in (1) only breaks translations, hence it is not a supersolid [67] . However, inhomogeneous translation breaking in a model with a complex scalar field subject to an extra U (1) symmetry could possibly describe a supersolid. It also interesting to ask whether the shift symmetry of (49) could have a role in this respect.
Eventually, models for scalar field dark energy (see for instance [68, 69] ) play with non-trivial modulated vacua of simple scalar field theories. It would be interesting to explore the connections to the present study, especially in relation to their thermodynamic properties.
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A Energy-momentum tensor, general case
The generic equation of motion for a higher-derivative Lagrangian is
where n is the maximum number of derivatives applied on the single field in the Lagrangian. Consider the infinitesimal diffeomorphism generated by δ ξ where ξ µ (x), its action on the scalar field φ is given by δ ξ φ = −ξ µ ∂ µ φ .
The Lie variation of the Lagrangian is given by 
where we have required it to be zero to enforce translation symmetry. By using the equation of motion (68) and setting ξ µ (x) to be a constant at last, Equation (70) can be written as
Despite their covariant aspect, the expressions above do not assume the relativistic invariance of the system.
B Recursion structure
We consider the generic N × N block-tridiagonal matrix 
Following [66] , it is convenient to express A N as 
21 Expression (72) is computed also in [58] . 
the matrix A N is diagonalised as follows
where entries of the diagonal matrix D N are given by
and the function g i is recursively defined
g n = a n,n − a n,n−1 a n−1,n g n−1 .
Thanks to (81) and the definition of L N and U N , we have that det(A N ) = det(D N ), if D N is invertible. We can use det(D N ) to probe the dispersion relations of the model by assuming a continuous behaviour of det(A N ) with respect to ω.
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The diagonal entries g i do not provide individually the dispersion branches of the model. These latter correspond to the zero's of the entire determinant of M [N ] (36) , detM [N ] = i g i , where cancellations among the zeros and the poles of the individual g i may occur. In fact, comparing to (74) we have
C Propagation speed, alternative method
Recalling the definition of the coefficient functions a ± and a 0 (31), the recursive function for the eigenvalues (83) takes the form We consider the most general model having standard kinetic term
It is remarkable to note that naive dimensional analysis does not satisfy (92). 23 The possibility of having a simple thermodynamic treatment hints at the need to consider "anomalous dimensions" already on the basis of classical considerations. An actual quantum treatment is nevertheless necessary to assess the value of the information contained in (92).
